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• Abstract-As you know, circular plates made of various materials are widely used in mechanical
engineering and instrumentation, in the construction of various kinds of engineering structures, etc.
Due to the fact that artificial materials have been widely used in various fields of engineering and
construction in recent years, the interest of engineering researchers is focused on creating new
calculation methods that could take into account the real properties of the construction material and
the environment as accurately as possible. This includes, in general, inhomogeneous, anisotropic
materials and inhomogeneous anisotropic non-elastic bases. The theoretical and experimental study
of the stability and vibrations of thin-walled plates and shells of various configurations with
different physical and mechanical properties in different directions has attracted primary attention
due to the widespread use of new materials in various structures, such as plywood, which has a
sharp anisotropy. Currently, research in this area is intensively developing, the use of new materials
in structures requires new approaches and the creation of new methods for design, and it becomes
relevant due to the rapid development and introduction of fiberglass, which are also anisotropic.
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• 1. INTRODUCTION 
• Depending on the above and a number of other reasons, the mechanical properties of V.A. 

Lomakin plates [1] significantly depend on the coordinates of points in the directions of the 
stressed state. In this paper, we will assume that the modulus of elasticity and the specific density 
depend on the function of the thickness coordinate and the current radius, and the Poisson's ratio is 
a constant:

• As is known, in the design, calculation and construction of engineering structures for various 
purposes, mainline railways, bridges, tunnels, offshore stationary platforms, etc., structural 
elements made of various elastic and inelastic materials are widely used.

• Currently, in connection with the construction of large-scale construction complexes and a number 
of other industries, designers and calculators are faced with an increased requirement for the most 
correct and efficient use of the material. In addition, there is a need for a more realistic description 
of the physical and mechanical properties of the material. One of the above materials is anisotropic 
materials. Note that anisotropic materials can be natural (for example, wood), obtained as a result 
of their manufacturing technology (for example, sheet metal, paper, concrete) and anisotropic-
constructive (for example, reinforced plates).

• Summarizing all the above, it can be concluded that anisotropic materials are divided into three 
classes: "naturally anisotropic", "technologically anisotropic" and "structurally anisotropic". It 
should be noted that such a division into classes is conditional and often a new anisotropic material 
is created as a result of the development of a new technological process for the implementation of a 
new "design" of a material from known anisotropic and isotropic materials.



• In the monographs [2, 3], the theory of anisotropic materials was presented for the 
first time (within the limits of elasticity).Some issues of bending anisotropic plates 
are considered and a number of recommendations are given that may be useful for 
research engineers. This is emphasized in the name of one of the types of plastic 
"FAM", which means, glass is a “fibrous anisotropic material". Such materials are 
widely used not only in the construction of engineering structures. Currently, 
artificial materials are used in all spheres of the national economy.

• The monograph [3] is a more fundamental monograph devoted mainly to the 
development of theoretical aspects from the theory of complex media (within 
elasticity). Numerous problems of the stressed deformed state of anisotropic 
bodies are considered in [3].

• Various theoretical and experimental issues were dealt with by [8], [5], [6] and 
many others. In these and a number of other scientific studies, issues related to 
load-bearing capacity, strength and other sections of structural mechanics are 
widely covered.

• However, these works do not investigate the issues of bending and stability, taking 
into account the influence of various kinds of external resistance.



• In this review, we will consider those works that were devoted to the generalized 
plane stress state, which is closely related to the study of stability problems and 

• vibrations of anisotropic plates (along the way, those works that are related to the 
stability of elastic plates, taking into account and without taking into account the 
resistance of the external environment, will also be discussed). As noted above, a 
new anisotropic material is created by developing a new technological process for 
the implementation of new "structures" of materials known as anisotropic and 
orthotropic. For example, in [7] an anisotropic material from unidirectional 
matrices is given.

• [9, 10] the problems of stability and vibrations of plates of different configurations 
under different resistance conditions were solved.

• [11, 12] works considered the question of vibrations of cylindrical shells when the 
inhomogeneity sharply depends on all three coordinates

• The works [13, 14] are mainly devoted to studies of vibrations of orthotropic 
inhomogeneous plates made of homogeneous materials without taking into 
account and taking into account the resistance of the Winkler base.



• 2. PROBLEM STATEMENT

• As it was noted [1, 2, 3], in some cases, when designing and constructing various 
kinds of interesting structures, sea dams, etc., engineering tasks have to be solved 
taking into account the influence of an artificially created foundation.

• It is characteristic of such bases that they resist bending in various ways in the 
main directions.

• In this article, we will investigate the problem of proper oscillation of an 
anisotropic plate in the case when the specific density depends on the thickness 
coordinate. The coordinate system is chosen as follows: here, the right coordinate 
system   is selected for calculation, the origin of which is in the middle plane. 

• The equation of motion, taking into account anisotropic resistance with 
inhomogeneity of specific density over the thickness of the plate, looks like this 
[1, 2]:
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Suppose that the plate performs a transverse axisymmetric oscillation and lies on a base 
that obeys the following law [8]:
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Here is the   deflection - determined by experiment, t - time.

The equation of motion taking into account (1) and (2) takes the 

following form [2, 3]:          







Given (8) and (9) in (6) and using the orthogonalization method, we can write [4]:





Without taking into account the resistance, we will have:





From the relations (19) and (20) we obtain:



3. PROBLEM SOLUTION

To illustrate, consider the case of a hard pinching along the entire contour. The following conditions must be satisfied:

As an approximating function, we will take the following approximation:

Note that we can also take the following approximation [12]:

However, the analysis will be conducted for the case (23).
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Taking into account (27), formula (21) can be given the following form:
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We reveal the integrals that are included in the formula (respectively, 

the numerator and denominator) (27) and get:
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Substituting (29) into (28), we finally obtain an expression for determining the parameter proper oscillation of 
an inhomogeneous circular plate, taking into account viscoelastic resistance:

2 1
0 2

1
0 0 2

1
1

R l b
l b K

ω
ω

−

−

  +
= =  + 

1
0 2

1
0 2

1 .
1 (1 1,953 )

l b
l b δ

−

−

+
=

+ +
(30) 

As can be seen from the graphs presented, taking into account the inhomogeneity of the 
resistance of the medium significantly affects the values of the critical parameters.





4. CONCLUSIONS

• Some problems of stability and natural oscillations of continuously in homogeneously anisotropic
rectangular and round plates are formulated and solved, taking into account various kinds of external
forces, the influence of environmental resistance, and a method for their solutions is constructed.
• Taking into account the two-constant, inhomogeneous and inhomogeneous viscoelastic modulus,
specific formulas for determining the frequency value depending on the parameters of the base and the
mechanical properties of inhomogeneous elastic orthotropic plates are found by approximate analytical
methods.
• The formulation of the problems of natural oscillations of in homogeneously anisotropic rectangular
and round plates with different homogeneous boundary conditions is considered for the first time and a
method for their solutions is constructed.
• The problem of natural oscillations is solved for the first time, taking into account the influence of
inhomogeneous viscoelastic resistance, when the properties of the material are anisotropic, their elastic
characteristics and density are continuous functions of three spatial coordinates. With the use of
approximate analytical methods, specific formulas for engineering calculation are obtained
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