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Abstract- In the presented article, the problem of free
oscillatory motion of a beam with different cross-sectional
dimensions located on a non-homogeneous, two-constant
(Pasternak-type) viscoelastic base is investigated. During
the study, the different mechanical properties of the beam
material in tension and compression, the variation of the
cross-section along the length, and the non-uniformity of
the mechanical properties of the base were modeled in a
complex way. In this work, first, an analytical expression
of the bending moment for a beam of variable cross-
section was obtained using the condition of the absence of
longitudinal force. Then, the equation of motion was
formulated taking into account the resistance of the non-
uniform viscoelastic base. Since the obtained equation of
motion is a complex differential equation with a particular
derivative due to bending, its solution was carried out by
approximate analytical methods. To solve a fourth-order
differential equation with variable coefficients, the
separation of variables method was applied and an
approximate analytical solution was obtained using the
Bubnov-Galerkin method. As a result of the study,
functional dependence equations were obtained between
the parameters characterizing the inhomogeneity of the
base and material at a dimensionless circular frequency, as
well as the change in the cross section. The numerical
calculations performed showed that the increase in the
inhomogeneity parameters and the resistance of the
external environment has a significant effect on the
frequency value. The results are presented in the form of
graphs and corresponding dependence equations. The
results obtained allow for a more accurate assessment of
the dynamic behavior of beams with different cross-
sectional dimensions and different moduli and are of
practical importance in calculating their strength, stability,
and frequency characteristics.

Keywords: Compression, Bending, Elasticity, Stability,
Free Oscillation, Beam, Inhomogeneous, Dimensionless
Frequency.

1. INTRODUCTION

The dynamic behavior of systems of beams with
variable cross-sections and different moduli is of great
interest in engineering and applied mechanics. Such
systems are found in many engineering applications:
bridge and pier structures, marine platforms and offshore
structures, rotating shafts of drilling rigs and other
mechanical components. In these structures, both the
geometric parameters of the beam and the mechanical
properties of the base can vary along the length, i.e. the
system is non-uniform and inhomogeneous.

The dynamic analysis of structures with such non-
uniformity and variable parameters is of great importance
from an engineering point of view, since classical beam
models with constant parameters do not fully reflect the
behavior of real systems. Traditional beam models, such
as the Euler—Bernoulli and Timoshenko beam theories, are
often based on the assumptions of homogeneous material
and constant cross-section. At the same time, the effect of
the elastic medium is usually taken into account using a
simplified Winkler-type model. However, these
approaches do not include the internal interaction and
inhomogeneity of the foundation, and as a result, the
natural frequencies and deformation modes of the system
do not fully reflect the real behavior for the engineer. In
such cases, the Pasternak-type viscoelastic foundation
model is considered more appropriate, since it takes into
account both the elastic response and the interaction
between the points of the foundation.

The cross-sectional dimensions of variable-section
beams vary along their length. Therefore, their mechanical
properties change. At the same time, the change in cross-
sectional dimensions affects the vibration properties of the
beam.
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In [1], [2] and [3] have analyzed in detail the stress-
strain dependences for materials exhibiting different
mechanical behavior in tension and compression. In
addition, the oscillatory motion characteristics of a shaft
placed on an elastic base characterized by two constants
have also been investigated in those works. In [4] and [5],
the stability problems of beams with different elastic
moduli in tension and compression, as well as rectangular
plates, were extensively studied.

In [6], a new theoretical approach was proposed for
calculating the factors characterizing the resistance of the
external environment. Unlike the classical model proposed
by Winkler, here not only the vertical stiffness but also the
resistance factor to sliding was taken into account. [7] and
[8] have investigated the oscillatory motion problems of
structural elements placed on a viscoelastic base.
However, in those works, the elastic moduli were assumed
to be the same. In [9-12], he considered the issues of
vibrations in a viscoelastic medium when the
heterogeneity of the cylindrical shell material changes in
three directions. The results have been carefully analyzed.

Since materials with different resistances in tension
and compression are widely used in practice, the solution
of similar problems taking this property into account is of
particular relevance. The fact that the beam material has
different elastic moduli, the cross-section changes along
the length, and at the same time the resistance of the
external environment is taken into account complicates the
mathematical formulation of the problem and complicates
the analysis of the obtained results.

Thus, the presented model allows for a more accurate
description of the dynamic behavior of real engineering
systems, unlike classical beam models, and also provides
a practical tool for evaluating the influence of various
structural and material parameters. This approach is of
great importance for engineers, especially in the design
and analysis of variable cross-section beam systems
located on non-homogeneous and non-homogeneous
elastic bases.

2. PROBLEM STATEMENT

The longitudinal strain (&) at any point in a beam
during bending is equal to the sum of the longitudinal
strain ( /, ) of the neutral axis and the strain due to bending
of the beam. According to the hypothesis of straight
sections (Bernoulli's hypothesis), the section remains flat
even after bending. In this case, the total longitudinal strain
at any point in the section is expressed as:
&=1y—nz (1
where, [, is Longitudinal deformation of the center line
(axis) of the beam, 77 is Curvature of the beam, z, is the
distance of the observed point from the neutral axis.
According to the classical Hooke's law, there is a linear
relationship between stress and deformation (o =¢FE).
However, since the material exhibits different properties in
tension and compression, the modulus of elasticity (E) is
different in the tension and compression zones of the cross
section.

The stress in the part of the beam subjected to tension
above (or below - depending on the sign convention) the
neutral axis:

ol —Els @)
If we substitute the deformation expression above, we

get the following equation:

o, =E; (lo —Iyzt) , 2, €4 3)
The resistance of the material in the section subjected

to compression is characterized by a different modulus

(Ey):
o, =E,¢
If we add the deformation expression, we get Equation
%)
o, =E, (ly—nz,) z, €4 4
These equations combine two important factors from

an engineering perspective:
» Geometric factor: The ([, —77z,) part shows how the

cross section deforms.
> Physical factor: The coefficients E; and E|, - represent

the non-uniformity of the internal resistance of the
material.

In materials with different modulus (E; , E; ), this
distribution of stresses causes the neutral axis to deviate
from the geometric center of the cross section. Using the
condition that the longitudinal force is equal to zero, the
dependence between /, and 7 is found with the help of

these two equations. Here Ej , E, — are the modulus of

elasticity in tension and compression for the shaft material,
A and A4, are the tension and compression zones.

Figure 1. Beam resting on a non-uniform viscous elastic base

Let us write the equations of equilibrium and neutral
axis for a shaft of variable cross-section. The boundary of
the neutral axis z is calculated as follows:

ly—nz, =0 (5)
Using the condition of no force acting on the shaft
length, we can write:
z, 1(x)
[ o xdz+ [ o xdz =0 (6)
—t(x) z,
According to expression (6), we write the bending
moment equation:
z, #(x)
T=a I oy X z,dz, + I o), % z,dz, (7)

—t(x) z,
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3. PROBLEM SOLUTION
In the article, the base on which the beam is placed is
assumed to be a Pasternak-type inhomogencous
viscoelastic medium. In this case, the reaction force
exerted by the base on the beam is written as follows:
F=m(x).f —my(x)0>f /ot (8)
where, m, (x), m,(x)are continuous functions that take

into account the characteristics of the viscous elastic base,

determined  experimentally.  Non-homogeneity is
described by the following analytical functions:

i, (x) = (1+ pT) L, ©)
my (x)=(1+ px)L, (10)

where, R1, R» are the initial parameters of the basis, f is the
non-homogeneity parameter. Two of the most commonly
used models in modeling structures on elastic foundations
are the Winkler and Pasternak-type foundation models.
The main advantages of the Winkler model are its
mathematical simplicity and its use for initial evaluation in
many engineering calculations.

However, the main disadvantage of this model is that
the internal interaction of the foundation is not taken into
account. That is, the deformation occurring at one point of
the foundation does not affect other points, which does not
fully reflect real engineering systems. The Pasternak
model is an advanced form of the Winkler model and
allows describing a more realistic mechanical behavior of
the elastic medium. In this model, the response of the
foundation is determined not only by local deformation,
but also by the interaction between neighboring points of
the foundation. For this purpose, the Pasternak model was
applied in the article in the application of the problems of
dancing motion. Taking into account the resistance of the
foundation, using the dynamic equilibrium condition, we
obtain the equilibrium equation for a beam with different
cross-sectional dimensions:

2 2
EJ, 6_2{’4 (x)%} +R f -
ox ox

o f o’ f
R, L int(x) L =0
2 on? i )aﬁ

(11)

Let us first examine Equation (6). Taking (5) into
account, Equations (6) and (7) can be written as follows:
Z h(x)
[ Uo=nz)dz,+ | (ly—zm)dz, =0 (12)
—t(x) Zy
z {(x) T
I (lo—zm)z,dz, + E~ .[ (lo —zm)zdz, |= — (13)
-A(x) :, Ea
If we take the constants outside the integral, equation
(12) becomes:
z; +t(x)
Iy J dz, +z, x I dz, |-
7t(x) Zt
z, +1(x)
-n J z,dz, + % J z,dz,
—1(x) z,

(14)

|
(=)

From here we calculate the deformation of the
centerline of the shaft:
z, 1(x)
I z,dz, + i J z,dz,
—i(x Z,
b =n=t——— (15
J- dz, + .[ dz,
—t(x) Z
From Equation (15) we obtain the following expression:
T z; +t(x)
=1 z.dz, + z.dz, |—
Ea 0 _t_([x) 144y I 144y

Z

(16)

A +1(x)
-n J. zidz, + u j zldz,
—t(x) z,
Considering expression (15) in Equation (16), we can write:
r 2

Z,

z, +1(x)

J z,dz, + u J. z,dz,
T _ —t(x) z

Eta =X 2, +(x)

J dz, + u j dz, (17)

—t(x) zt

z, +(x)
- J. thdZt +a@ I thdZt
() z
Let us adopt the following notation in equation (17):

5 ) Y

I z,dz, + 1 J. z,dz,
—t(x) z,

z, +(x)
J dz, + j dz,
-(x)

Z,

+(x)
Pdz+a j 2dz, |(18)

Z,

N

-~

=
=

Nady

t

t

The bending stiffness E*1, (1 =at’ /12) of a shaft.
Considering (18) in (17), we can write:

t(x)=a;(1+yx/1), ee[0,1]are assumed. Let's
calculate the expression K (x).
+ay (1+7X) +ay (14+7,%)
Let us calculate the I dz, , z,dz, ,
—a; (1+7,X) —a; (14,%)
+ag (1+7,X)
I z,zdzt, integrals given in expression (17):
—a5 (14+7,%)
+ag5 (14X) z, +by (1+£/X)
j dz, = j dz, + u I dz, =z, +
—ay (1+7,X) —aj (1+7,X) Zy
+a6‘(1+7lf)+,u[ag(1+,ulf)—zd: (19)
=z, (1-p)+ay (1+ 1)
+ag (147%)

dz; =z, (1- ) +a5 (1+1,X)
—ay (141X)
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% +ai (14+,%)
J. z,dz, + 1 I z,dz, =
=45 (1+7/X) %

= %[ztz —ap (1+)/)?)J +

(20)
+§[a§ (1+71)_c)2 —Z,ﬂ = th (l—y)—
2
~(1-m)(1+ )
z, +a0(1+}/¥)
J th dz, + u J th dz, =
—ay(1+7,%) z,
- 1[23 —ay(1+ 71)?)3J+
3L 1)

— 1
+§[a8 (1+}/1x)3 —ztﬂ =§zt3 (1-u)-

1 _
—5(1+y)a8 (1+ ;/lx)3

For a beam with the same elastic modulus, the integrals
take the following values:
+ay(14+7,%)
dz, =2a, (1 + }’1)_(?)
—ay(1+7,%)
ay(147X)
z,dz, =0 (22)
—ay(1+7,%)
+a0(l+ylf)
th dz,
—a0(1+ylf)
For a single-module constant-height beam, the
integrals (20) and (21) take the following values:

2 _
= —Eag (1+j/1x)3

+a,

[ dz, =24,

gy

)

I z,dz, =0 (23)
e

+a,

2
2 3
I z,dz, = —gao
2

To simplify the calculations, we will neglect the terms
involving y?and »*, since they are much smaller
compared to the other terms. Equation (19) remains
unchanged. The terms in Equations (20) and (21) can be
written as follows:
+ay(1+7,%) 1, a2
zdz, x—z] (1= ) =2 (1= ) (1+25%)
- 2 2
—ay(1+7,%)
+ay(1+7,%) , 1,
z; dz, :EZ’ (1—y)——(1—y)(1+371)_c) (24)
—ay(1+7/X)

The expressions for the A(x) function are written as
follows:

For a single-modulus beam:

1 0 2, _
J{2a0(1+y1)7) 3l +71x)} (1+37%) @5
or
4y =—(1+3y7) (26)

Taking into account the resistance of the
inhomogeneous viscous elastic base, the equation of
motion for a shaft of variable cross-section can be written
as follows:

Py
E'J,— e [A(x) axfl ]ﬁ-m] (x)fl _
(27)

2 2
—m, (x)% O =0

2 +770t(x) P
We write the differential equation for this case as

follows:

2,

2
6‘1 [(1+3 lx)‘zxf}ml( YW —

, , (28)
_ o O A
- TN pay (1+13) 2L =0
my (x) P 77‘10( 71x) o
L0
(1+3,%) fl PN () e
oxt ox’
aZf azf (29)
+il, (x)_étzl +na, (1+71)_c)—at21 =0

Equation (29) is a complex partial differential
equation. To solve it, we apply the Bubnov Galerkin and
separation of variables methods. In the first stage, we look
for the deflection (f,) as follows:

=9 (x) &t (30)
Substituting Equation (24) into the motion Equation
(23), we obtain:

_d*s L d9
(143yx) o +3gl! 5 +my (x)8 - 1)
] [mz +7701 1+}/1x ].91 0

We look for the deflection function in the following
form:

= ay;(x) (32)
i=1

where, the g; is values are constants that are not known in
advance, and each y; (x) must satisfy the given boundary

conditions. Taking Equation (32) into account with (29),
the error can be written as follows:

4 3
Za (1+37%) Y3y DY ()
dx* dx

o (i (x)+meh (1+ 7@))} v, %0 (33)

The orthogonality for the error function satisfies the
following condition:

l
_[/I(x)l//kdx=0, k=12,.. (34)
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We obtain the following equation from the first
approximation:
! 4 3
—d¥ ady
1+y,x + 3yl +my (x)y, —
_!|:( 1 )dx4 dx3 1( ) 1 (35)

~af [y (x) + 10 (14 1% ) Jy (%) =0
From this expression, we determme the value of the

frequency ( a)12 ):
I

J‘{(Hyﬁ)d +m1( )l//l t//l(x)dx
) 0 dx* x
o = ; (36)

J.["_% (x) +104, (1 + 7/1)?)}(//12 (x)dx
0
To carry out the calculation, it is necessary to assign

specific values to the functions w,(x), m(x) and

lldl//l
i

m, (x) . We perform the calculation for a shaft with ends

supported by hinges. In this case,can be taken as

. . -
v (x)= smlTx. Let us consider the characteristics of

the non-homogeneous foundation and the case where the

shaft’s properties vary linearly along its length:

i, (x) = (1+VT)

my (x)=(1+vx)F,
Equation (37) and

(37)
taking into  account
v (x)= sin%x , (36) is written as follows:

1 4 3
I{[nllﬂj (1+3}'1X)s1n ;i % - 3}/1[ lﬂ) licosm;rxlsinmlﬂxdx

2_0

o = +

l

H:Rz (1 +¢1'¥)+77000 (1 + j/l)f)j.sinz %xdx
0

I
J.{ l+gox sin nlﬂ x} sin%xdx
- (38)
I[Ez (1+@x)+mya, (1+ ylf)] sin’ %xdx
0

By performing some simple transformations in
Equation (38), the following expression can be obtained:

4
(”ll”j (141.59,)+ B, (1+0.50)

TR, (140.52) + 7020 (1+0.57,)

In expression (39), the following special cases can be
considered:
1) The resistance of the inhomogeneous viscoelastic base
is not taken into account:

4

mrx

1+1.5

2 ( ! j ( ") mr ) —11+1571

o = == (ma) (40)
Moay (1+0.57,) l +0.5y,

2) The beam has a constant thickness along its length and

the resistance of the inhomogeneous viscoelastic base is
ignored:

(39)

Yo

o = (Mj x (1)
l o4

3) The beam has a constant cross-section along its length

and the resistance of the inhomogeneous viscoelastic base

is taken into account.
4
(”}”j + R (1+0.50)

R, (1+0.5¢)+1,

4) The beam is located on a Winkler basis characterized by
a constant along its length:

4
2 (”l”j (141.57,)+ R (1+0.50)

o4 (1 +0.57, )
5) A beam of constant thickness along its length rests on a
Winkler base:

mm 4 —
(llj +R,
A S A— (44)

%
Tod
To carry out the calculation in the general (complex)
case, let us rewrite Equation (38) as follows:

[”‘”Tﬂi (1+0.5¢)

l 1+1.5y,

of = 42)

(43)

2

= - (45)
— 1+0.5¢ (1+0.57,)
R, o4
1+1.5y, 1+1.5y,
In equation (45), let us adopt the following
substitution:
1+0.5 1+0.5
=l gy = (46)
1+1.5y, 1+1.5y,

Taking expressions (46) into account, equation (45)
transforms into the following form:

mr ' —
(llj +q R
L N — 47)

aR, + 110924
where, the dependence of the parameters ¢, and g,on y,

4]

and ¢ is shown through tables and correlation curves. As

seen from Figures 2 and 3, as the value of the parameter
characterizing the non-homogeneity of the foundation
increases, the numerical values of the parameters
representing the beams’ height and its dimensionless
frequency decrease.

The numerical calculations and graphical results show
that as the inhomogeneity parameter of the base (a or f)
increases, the effective elastic response of the system is
distributed unevenly. This leads to an uneven distribution
of stiffness along the beam. As a result, the overall
dynamic stiffness of the structure decreases. The decrease
in stiffness leads to a decrease in the natural vibration
frequencies. Mechanical interpretation of the effect of
parameters. The conducted study shows that an increase in
the parameters of a non-uniform viscoelastic base leads to
a decrease in the natural frequencies of the system.
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Y1

Figure 2. Dependence between the height variation of a beam and the
parameters characterizing the non-homogeneity of the foundation

12 2
1
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0 0.2 0.4 0.6 0.8 1

n

Figure 3. Dependence between the parameters characterizing the height
of the beam

This phenomenon is explained from a physical point of
view as follows: as the non-uniformity of the base
increases, the stiffness distribution in its different parts
becomes uneven, and as a result, the effective bearing
stiffness of the system decreases. This leads to a softer
behavior of the beam and a decrease in the oscillation
frequencies.

On the other hand, the analysis conducted regarding the
change in the cross section shows that an increase in the
stiffness of the beam cross section (i.e. an increase in the
bending stiffness EI) increases the overall stiffness of the
system, which in turn leads to an increase in the natural
frequencies. This result is fully consistent with the
classical shaft theory. The difference in the tensile and
compressive moduli of the material creates an asymmetric
deformation behavior. This phenomenon is especially
pronounced in large-amplitude oscillations and affects the
change in the effective stiffness.

The obtained results show that the Winkler model,
which only responds normally, does not fully reflect the
real behavior of the system in some cases. In the Pasternak
model, since the shear layer is taken into account, there is
an interaction between neighboring points of the
foundation. This gives more realistic results, especially in
non-uniform foundations.

Comparison of numerical results shows that:

* In the Winkler model, the frequencies are relatively
underestimated,

* In the Pasternak model, the frequencies are higher due to
the additional stiffness component.

This difference clearly demonstrates the importance of
model selection in engineering reports. The variation
trends observed in the graphs are consistent with analytical
expressions. For example:

* A decrease is observed in the dimensionless frequency
expression with an increase in the inhomogeneity
parameters,

» The frequency function increases monotonically as the
cut-off change function increases.

This consistency confirms the adequacy of the applied
Bubnov-Galyorkin method and increases the reliability of
the obtained solution.

4. RESULTS AND DISCUSSION

This section presents numerical results obtained as a
result of the analysis of the free oscillation motion of a
beam made of a material with a variable cross-section and
different modulus on a non-uniform Pasternak-type
viscoelastic base, and their physical and engineering
significance is discussed in detail. The main objective of
the study is to determine the effect of the main parameters
affecting the dynamic behavior of the beam - the difference
in the elastic moduli of the material, the law of variation of
the cross-section, as well as the non-uniformity of the
mechanical properties of the base - on the oscillation
frequencies. The variation of the mechanical properties of
a non-uniform viscoelastic base along the beam is
described by the function (10) (7, (x) = (1+¢X)R,). The

dependence of the non-uniformity parameter of the base
on the dimensionless frequency is given in Figure 4.

3.12
3.07
3.02
2.97
2.92
2.87
2.82
2.77
2.72

2.67
0 0.2 0.4 © 0.6

Figure 4. Variation of the inhomogeneity parameter of the base as a
function of dimensionless frequency

As can be seen from the figure, the dimensionless
frequency decreases monotonically as the inhomogeneity
parameter increases. This result is due to the change in the
effective stiffness of the system. The uneven distribution
of the mechanical properties of the base along the beam
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leads to a decrease in the elastic resistance in some areas.
As a result, the elastic support provided by the base of the
beam weakens and the overall effective stiffness of the
system decreases. The decrease in the effective stiffness,
in turn, leads to a decrease in the natural vibration
frequency of the beam.

The change in the cross-section of the beam along the
length is assumed by the following function:

I(x) = (1 + ]/)_C)IO (48)
where, y is the variation parameter of the shaft. The
dependence of the cross-sectional area variation parameter
of a shaft on the dimensionless frequency is shown
graphically in Figure 5.

[
3.55

35
3.45
34
3.35
33
3.25
32
3.15
3.1

3.05

0 0.2 0.4 0.6 0.8 1

Y1

Figure 5. Dependence of the beam cross-section variation parameter on
dimensionless frequency

It can be seen from the figure that as the cross-section
variation parameter increases, the dimensionless
frequency also increases. This result is related to the
change in the bending stiffness of the shaft. An increase in
the moment of inertia increases the bending resistance of
the beam and increases the overall stiffness of the system.
As a result, the system exhibits a stiffer behavior and its
natural frequency increases. The difference in the tensile
and compressive moduli of the material is expressed by
Equation (1).

Table 1. Variation of the ratio of elastic moduli as a function of
dimensionless frequency

T
Module ratio, 4 = Eh, Dimensionless frequency, @
h

1.0 3.12

1.2 3.18

1.4 3.23

1.6 3.28

1.8 3.32

2.0 3.36

Based on the calculation results, the dependence of the
ratio of elastic moduli on the dimensionless frequency is
given in Table 1. This is due to the increased stiffness of a
beam of varying cross-section in the tension zone. As the
modulus of elasticity of the material in tension increases,
the elastic resistance in that zone of the beam increases,

which increases the overall stiffness of the system.
Materials with such mechanical properties are used in
many modern engineering structures. The values of
dimensionless frequency obtained based on the
comparative analysis of the Winkler and Pasternak models
are given in Table 1.

Table 2. Reported values of dimensionless frequency according to

models
Model Dimensionless frequency, @
Winkler model 3.18
Pasternak's model 3.25

In the Winkler model, the elastic base is considered as
a system of elastic springs operating independently of each
other. Although the simplicity of the model has led to its
wide application, it does not fully reflect the behavior of
the elastic medium in many real engineering systems. In
the Pasternak model, the behavior of the elastic base is
described more realistically. The results presented in the
table show that the adoption of different base models has
a significant impact on the value of the natural oscillation
frequencies of the system. The dimensionless frequency
value obtained in the Winkler model is larger than in other
models. The main reason for this is that the model is
simplified. Since the interaction between different points
of the base is not taken into account in this model, the
effective stiffness of the system is estimated somewhat
higher, and as a result, the natural frequency is also
relatively large.

In the Pasternak model, the behavior of the elastic
medium is described more realistically. Here, the
deformation process is more complex and the
displacement of the beam depends not only on the local
elastic response, but also on the interaction of neighboring
areas. As a result, the effective stiffness of the system is
slightly reduced compared to the Winkler model, and
accordingly, the natural vibration frequency also takes a
smaller value. The obtained results show that the model of
a variable cross-section beam located on a non-uniform
Pasternak-type viscoelastic base allows for a more
accurate assessment of the vibration characteristics of real
engineering systems.

5. CONCLUSIONS

The results of the study show that the free vibrational
motion of a beam on a non-uniform viscoelastic base
reveals a number of important dynamic behavior features.
The results obtained are characterized by the following
main points:

The effect of the non-uniformity of the base:
Calculations have shown that as the non-uniformity
parameter of the base increases, the total effective stiffness
of the beam decreases, and as a result, the dimensionless
natural frequency (@) also decreases. This is explained
from a physical point of view as follows: since the
mechanical properties of the base are distributed unevenly
along the length, some parts of the beam have weaker
support and the system behaves more elastically.
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The graphical results show that an increase in the
parameter o from O to 0.5 leads to a decrease in the
dimensionless frequency by about 15-20%. Effect of the
cross-sectional variation parameter: When the cross-
sectional area of a beam changes along its length (

t(x) =ty(1+yx) ), the moment of inertia and elasticity

distribution become non-uniform. The analysis shows that
as the parameter y increases, the stiffness of the beam
increases locally, but the natural frequency of the system
decreases overall, together with the inhomogeneity of the
foundation. This shows the importance of considering the
interaction between the height of the beam and the
foundation parameters from an engineering perspective.
Effect of the ratio of the tensile and compressive elastic

moduli: The non-symmetric elastic properties of the
+

material (u = %) have a significant effect on the
h

dynamic stiffness of the beam. As the ratio increases, the
stiffness increases more in the tension zone of the beam,
while the change in the compression zone is limited. As a
result, there is a different effect on the natural frequencies.
The analysis shows that when the ratio of the elastic
modulus increases from 1 to 2, a 10-12% change in the
dimensionless natural frequency is observed.

Comparative calculations show that the Pasternak
model more realistically describes the inhomogeneity and
damping effect of the foundation, and as a result, the
values of natural frequencies and deformation modes are
more accurate for the engineer.

Engineering and practical significance: The analysis
performed can be applied in the following engineering
facility reports:

o In the design of elastically supported beam systems in
bridge and pier structures,

¢ In dynamic analyses of platforms,

o In reports of vibration motion of shafts of drilling and
rotating mechanical systems,

o In evaluation of dynamic behavior of composite elements
with variable cross-section and different modules.

The proposed model provides more accurate results
than the classical Euler—Bernoulli and Timoshenko beam
models because it takes into account the heterogeneity of
real systems and the internal interaction of the foundation.
It is planned to consider nonlinear effects, large
deformations, and temperature effects in future research.
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